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Analysis and Characteristics of Choked Swirling Nozzle Flows

Alon Gany,∗ Marat Mor,† and Claudio Goldman‡

Technion—Israel Institute of Technology, 32000 Haifa, Israel

A novel analysis is presented of swirling flows in choked nozzles. The one-dimensional compressible flow theory
was extended to isentropic axisymmetric swirling flows. The most significant accomplishment of the present model
is its ability to treat a general swirl type of any tangential velocity distribution. A choking criterion similar to that
of one-dimensional nonswirling flows was introduced. The development of a simplified analytical formulation was
shown to ease the solution procedure and to yield good approximations. Model predictions revealed swirl intensity
and type effects on Mach number distribution at the throat, indicating a tendency for the axial Mach number to
exceed unity at a part of the nozzle throat cross section. The mass flow rate was found to decrease with increasing
swirl intensity for fixed stagnation conditions.

Nomenclature
a = constant defined in Eq. (18)
a∗ = speed of sound at Mach number of unity
b = constant defined in Eq. (19)
Cm = mass flux coefficient
f = function describing tangential velocity profile
g = function defined in Eq. (9)
h = specific stagnation enthalpy
L = parameter
Mx , Mθ = axial and tangential components of Mach

number based on a∗

ṁ = mass flow rate
n = power of the solid/free solid-body swirl-type rotation
Re = radius at the wall
r = radius; radial coordinate
S = swirl number
s = specific entropy
T = temperature
u = axial velocity
u = velocity vector
w = tangential velocity
x = axial coordinate
γ = specific heat ratio
� = distance from the centerline
δ = function defined in Eq. (16)
ε = function defined in Eq. (15)
λ = function defined in Eq. (17)
ρ = density
φ = parameter

Subscripts

a = nozzle axis
e = wall
t = nozzle throat
0 = stagnation conditions
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1 = reference cross section
∗ = conditions at Mach number of unity

I. Introduction

T HE objective of this work is to analyze nonviscous choked
swirling flows, introducing a theoretical model that can accom-

modate a general swirl type. Besides the generality of the approach,
it uses an explicit choking criterion, and the equations are cast in a
compact form to ease the solution of the entire flowfield in the nozzle.

The relatively simple one-dimensional transonic flow becomes
much more complex when introducing a tangential velocity com-
ponent to the flow. Earlier swirling flow models, for example, by
Mager,1 King,2 Lewellen et al.,3 and Gillespie and Shearer,4 were
often restricted to the solution of a simple swirl type. Mager1 pre-
sented an approximate solution for a swirling, free vortex, potential
flow. One of his conclusions was that at each axial position there
is a core zone between the axis and a certain radius, where no flow
exists, and hence, it could be represented by zero density. Analysis
and solutions for an inviscid free vortex nozzle flow resulting in sim-
ilar conclusions were also presented in Ref. 4. A simple analytical
approach similar to that of Mager1 treating a swirl type of similar
characteristics has been introduced by Cutler and Barnwell,5 who
also conducted experiments of swirling flow through a converging–
diverging nozzle. King2 solved the specific case of a tangential ve-
locity distribution as a solid-body rotation. His solution assumed
low swirl intensity throughout the nozzle and given values of Mach
number along the axis. Batson and Sforzini6 noted that the specific
swirl types used, because of their simple analytical expressions, may
not be adequate representations of actual swirling flows. Lewellen
et al.3 made significant analytical as well as experimental contribu-
tions. Their analytical model assumed isentropic flow of a perfect
gas, predicting the effects of swirl by expanding the one-dimensional
flow theory. The analysis led to two nonlinear ordinary differential
equations for Mach number and flow function vs the radial coor-
dinate. The choking radial distribution of the axial Mach number
could be found by obtaining the maximum value of flow rate vs the
centerline axial Mach number for a fixed nozzle radius. The model
was limited to a specific family of swirl types. Lewellen et al.3 re-
ported that experimental visualization studies revealed no existence
of zero- or reverse-flow core in the transonic flow range. Norton
et al.7 added a correction for viscous effects to the inviscid theory.
They showed that the inviscid model could yield good agreement
with free-vortex test results. However, viscous effects seemed to be
more pronounced in the cases of strong forced-vortex nozzle flows
associated with high contraction ratios in the nozzle.

Note that, besides analytical models and solutions, three-
dimensional codes8 have been developed using powerful computers,
which could give numerical solutions of complex flows.

Swirling flows are of practical significance in different devices,
for example, cyclone separators, burners, and spinning rockets.
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Theoretical as well as experimental investigations7,9,10 have often
been aimed at different engineering applications. The effect of in-
creased flow resistance with imposing swirl on a choked nozzle flow
seems to be of particular interest in rockets, where the purposeful
use of swirl to control flow rate and thrust has been analyzed and
tested.11−14

II. Analytical Model
For a steady and frictionless flow, the equation of motion can be

expressed as15

∇h − T ∇s = 1
2 ∇|u|2 − u · ∇u (1)

where h and s are the flow specific stagnation enthalpy and entropy,
respectively, and T is the flow temperature. In view of the vector
identity

u × (∇ × u) = 1
2 ∇|u|2 − u · ∇u (2)

Eq. (1) can be rewritten as

u × (∇ × u) = ∇h − T ∇s (3)

Equation (3) is known as the Crocco relation. When isentropic flow
of constant stagnation enthalpy is assumed, Eq. (3) becomes

u × (∇ × u) = 0 (4)

For an axisymmetric flow and a sufficiently gradual change of
the nozzle cross section (termed by Gillespie and Shearer4 quasi-
cylindrical nozzle), one can assume that the radial velocity and its
derivatives can be neglected. Lewellen et al.3 as well as Norton
et al.7 used this assumption in their analyses, whereas Batson and
Sforzini6 demonstrated experimentally that the radial velocity com-
ponent is indeed negligible with respect to the axial and tangential
components. Under such conditions, the only nontrivial component
of Eq. (4) is

w

r

d

dr
(rw) + u

du

dr
= 0 (5)

A swirling flow through a converging–diverging nozzle as well as
the corresponding notation are given in Fig. 1. Equation (5) connects
the axial and tangential (swirl) components of the velocity (u and w,
respectively) at a cross section. Integration of Eq. (5) at a particular
section gives

u2 = u2
a − 2

∫ r

0

w

η

d

dη
(ηw) dη (6)

The tangential velocity profile at a cross section is described by the
form

w = we f (r) (7)

where f (r) is a general nondimensional function of r and we is
a constant (equal to the tangential velocity at the nozzle wall) for
each specific cross section. The subscript a denotes values at the
centerline. In practice, conservation of angular momentum yields

Fig. 1 Swirling flow through a nozzle.

wr = constant along a streamline. When a particular cross section,
denoted 1, is designated as a reference (Fig. 1) and Eq. (7) is applied,
Eq. (6) becomes

u2
1 = u2

a1 − w2
e1g2(r1) (8)

where ua1 is the axial velocity at the centerline of cross section 1
and g2(r1) is defined as follows:

g2(r1) = 2

∫ r1

0

f (η)

η

d

dη
[ f (η)η] dη (9)

In Eq. (8), the term f 2(Re1) is missing because, as results from
Eq. (7), f (Re1) = 1. Note that the conservation of angular momen-
tum along a streamline implies similarity of the tangential velocity
profile f (r) at each cross section.

The next step is to determine the axial velocity at the centerline
ua1, by applying a geometric criterion dRe/dx = 0, characterizing
the throat section of a converging–diverging nozzle, where x is the
axial coordinate. Because at the throat of a choked (supersonic)
converging–diverging nozzle du/dx �= 0, the following expression
can be used as a choked nozzle criterion:

dRet

duat
= 0 (10)

where the index t refers to the throat cross section.
Now we need a relation between Re (nozzle contour) and ua to

make use of this criterion. Conservation of mass along a stream tube
of a thickness dr

ρur dr = ρ1u1r1 dr1 (11)

where ρ is the flow density, yields an implicit relation between Re

and ua ,

R2
e = 2

∫ Re1

0

ρ1u1

ρu
r1 dr1 (12)

By the selection of the throat cross section to coincide with the
reference cross section 1, Eq. (12) together with the choked nozzle
criterion [Eq. (10)] can be solved by a numerical iterative method
(referred to as exact solution), yielding the value of ua1 for choked
conditions.

A simplified solution procedure may yield good approximations
in cases involving low swirl intensities. An approximate expression
for the isentropic ratio between static and stagnation densities ρ/ρ0

is particularly useful in the transonic flow zone,

ρ/ρ0 ≈ {
1 − [(γ − 1)/(γ + 1)]

(
M2

x + M2
θ

)}1/(γ − 1)
(13)

where Mx and Mθ are defined as u/a∗ and w/a∗, respectively (close
approximations of the axial and tangential Mach numbers in the
vicinity of the choked nozzle throat), where a∗ is the speed of sound
at Mach number of unity.

Using Eq. (13) together with Eqs. (6) and (9) (rewritten in terms
of Mach numbers), one obtains

ρ Mx/ρ0 = λb Mxa

{
1 − [

ε2 − (a/λ)δ2 M2
xa

]}b√
1 − δ2 (14)

where ε and δ are defined as follows:

ε2 = (a/λ)M2
θ = (a/λ)M2

θe f 2 (15)

δ2 = (Mθe/Mxa)
2g2 (16)

λ = 1 − a M2
xa (17)

a = (γ − 1)/(γ + 1) (18)

b = 1/(γ − 1) (19)
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Using Eq. (14), we write Eq. (12) in the following form:

R2
e

2
=

(
Re

Re1

)2 ∫ Re1

0

√
1 − δ2

1

1 − δ2

{
1 − [

ε2
1 − (a/λ1)δ

2
1 M2

xa1

]
1 − [

ε2 − (a/λ)δ2 M2
xa

]
}b

r1 dr1

(20)
where

(Re/Re1)
2 = (Mxa1/Mxa)(λ1/λ)b (21)

Equation (21) is a relation for the area ratio in the case of nonswirling
flow.

If cross section 1 coincides with the throat cross section (indexed
t), then substituting Eq. (17) for λ into Eq. (20), differentiating it
with respect to Mxa , while neglecting the derivatives of ε2, δ2, one
obtains, by applying the choking criterion from Eq. (10),

M2
xat − 1

Mxatλt

R2
et

2
−

∫ Ret

0

2
b

Mxatλt

1 − λt[(
1 − ε2

t

)/
δ2

t − 1
]
λt + 1

rt drt = 0

(22)
The procedure allows very simple and precise approximations for
Mθe, as will be presented. Expanding the integrant in Eq. (22) to
a series with respect to ε2

t and δ2
t , neglecting the terms of order

O(δ6
t , ε

2
t δ

4
t , ε

4
t δ

2
t ) (which contain M6

θet ), and substituting Eqs. (15)
and (16), one obtains

M2
xat − 1

2

R2
e t

2
− 1 − λt

λt
b

(
Mθet

Mxat

)2 ∫ Ret

0

[
g2

t + 1 − λt

λt

(
Mθet

Mxat

)2

× (
g2

t f 2
t − g4

t

)]
rt drt = 0 (23)

An approximate value of Mxat is obtained by solving Eq. (23). For
the nonswirl case (Mθ = 0), Eq. (23) reduces to the area–velocity
relation of a one-dimensional compressible flow. In that case, the
axial Mach number at the nozzle throat is equal to unity.

One of the important aspects of a swirling flow is the influence
of the swirl on the so-called mass flux coefficient Cm , defined by

Cm = ṁ
/

π R2
etρ

∗a∗ (24)

where the asterisk denotes conditions at Mach number of unity.
The effect of Cm is equivalent to the effect of reducing the throat

area in a nonswirling flow. When substituted for

ṁ =
∫

A

ρu dA

and When the relation in Eq. (14) (at the throat cross section) is
used, Eq. (24) can be modified as follows:

Cm = 2

R2
et

(
ρ∗

ρ0

)−1

λb Mxat

∫ Ret

0

[
1 −

(
ε2

t − a

λt
δ2

t M2
xat

)]b

×
√

1 − δ2
t rt drt (25)

When the integrant in Eq. (25) is expanded to a series, similar to the
demonstrated procedure [see Eq. (23)] and (ρ∗/ρ0)

−1 = (1 − a)−b

obtained from Eq. (13) is substituted, the following expression for
the mass flux coefficient is found:

Cm = 2

R2
et

(
λt

1 − a

)b

Mxat

∫ Ret

0

√
1 −

(
Mθet

Mxat

)2

g2
t

×
[

1 − 1 − λt

λt

(
Mθet

Mxat

)2(
f 2
t − g2

t

)]b

rt drt (26)

III. Results and Discussion
For the flow characteristics, three specific swirl types of

a general form w = we f (r) were studied in detail: solid-
body-type rotation, f (r) = (r/Re)

n, n > 0; free-vortex-type flow,
f (r) = (r/Re)

n, n ≤ 0; and an exponential velocity profile,

f (r) = 1 − exp
[−(r/r0)

2
]

1 − exp
[−(Re/r0)2

] Re

r

Applying the simplified formulation developed in this study, we
found approximate analytical solutions for the tangential Mach num-
ber at the wall of the nozzle throat for the different swirl types
using Eq. (23). The resulting expressions are presented next. The
approximate expressions for the tangential and axial Mach num-
bers at the nozzle throat for various swirl types of the general form
w = we(r/Re)

n are as follows:
For n > 0,

Mθet =
√

λt

a
φ

(
1 −

√
1 − n

M2
xat − 1

bφ

)
, φ = n

n + 1/2

n + 1

(27)

M2
xt = M2

xat − M2
θet

(
1 + 1

n

)(
rt

Ret

)2n

(28)

Note that in the case of a free-vortex-type flow, the low boundary
of the integrals in Eqs. (9) and (23) is changed from zero to �t

because of a singularity r = 0. Then Mx�t is defined as an axial
Mach number at a distance �t from the centerline. Here the analysis
was done for �t � Ret . For n = 0,

Mθet =
√

λt

a
φ

(
1 −

√
1 − 1

2L − 1

M2
x�t − 1

bφ

)

φ = L − 1/2

4L2 − 6L + 3
, L = ln

(
Ret

�t

)
(29)

M2
xt = M2

x�t − 2M2
θet ln

(
rt

�t

)
(30)

For n = −0.5,

Mθet =
√

λt

a
φ

(
1 −

√
1 − 1

L − 2

M2
x�t − 1

bφ

)

φ = 1

2

L − 2

4 ln(L) − 6L + L2
, L = Ret

�t
(31)

Otherwise (n �= −1),

Mθet =
√

λt

a
φ

(
1 −

√
1 − n

1 − Ln − L

M2
x�t − 1

bφ

)

φ = n

2

1 − Ln − L

(1 + n)2 L2 − (n + 2)L + (1 + n)/(1 + 2n)
(32)

L =
(

�t

Ret

)2n

and for these last two cases,

M2
xt = M2

x�t − M2
θet

(
1 + 1

n

)[(
rt

Ret

)2n

− L

]
(33)

In the case of a free-vortex flow n = −1, the integral in Eq. (9)
is equal to zero. Therefore, the axial Mach number in this case
is constant. Approximate expressions for the tangential and axial
Mach numbers at the nozzle throat for an exponential swirl type,
w = we{(1 − exp[−(r/r0)]2)/(1 − exp[−(Re/r0)]2)}(Re/r), are
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Mθet =
√

λt

2ab

M2
xat − 1

2(Ret/r0)2
(({

Ei
[
1, 2(Ret/r0)2

] − Ei
[
1, (Ret/r0)2

] + ln(2)
}/{

1 − exp
[−(Ret/r0)2

]}2)) − 1
(34)

M2
xt = M2

xat − 2M2
θet

(
Ret

r0

)2 Ei
[
1, 2(r/r0)

2
] − Ei

[
1, (r/r0)

2
] + ln(2){

1 − exp
[−(Ret/r0)2

]}2
, Ei(n, x) =

∫ ∞

1

exp(−x · t)

tn
dt (35)

Because of the complexity of this case, the analytical treatment
can be done only to a second-order approximation. [terms of the or-
derO(M4

θet ) are neglected.] Then, Eqs. (8) and (9) were used to solve
the distribution of the axial Mach number at the nozzle throat. For
validation of the simplified analytical solution, a very accurate direct
numerical solution was obtained as well, as is implied from the fol-
lowing scheme. The numerical procedure includes integration using
the trapez method, whose accuracy depends on the integration step.
The very fine grid used guarantees accuracy up to the seventh digit
after the decimal point. The iterative solution of the integral equa-
tion used the interval halving method with a convergence criterion
of a similar precision, 10−8. Hence, for all practical applications,
the numerical solutions may be considered “exact solutions” of the

Fig. 2 Axial Mach number on the centerline vs tangential Mach num-
ber on the wall at nozzle throat for solid-body type and exponential swirl
profiles.

Fig. 3 Axial Mach number at r = ∆t vs tangential Mach number
on the wall at nozzle throat for free-vortex-type swirl profiles with
∆t/Ret = 0.03.

mathematical equations. Figures 2 and 3 show the very good agree-
ment between the analytical approximations and the exact results
(numerical solutions) for the tangential Mach number at the wall of
the nozzle throat.

The swirl types were compared on the basis of the same swirl
number S (Ref. 16) (Fig. 4):

S =
∫ Re

0
ρuwr 2 dr

Re

∫ Re

0
ρu2r dr

(36)

As a result of the swirl, the axial velocity profile changes, and its
shape depends on the tangential velocity profile. Another interesting
result is that the axial Mach number at the throat exceeds unity at a
part of the cross section, in contrast to the nonswirling flow.17

Fig. 4 Axial Mach number distribution at the nozzle throat for various
swirl profiles, S = 0.2.

Fig. 5 Tangential Mach number at the nozzle throat wall vs swirl num-
ber for various profiles.
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Fig. 6 Mass flux coefficient vs swirl number for various swirl profiles.

Figure 5 demonstrates the increase in the tangential Mach number
at the nozzle throat wall as a result of increasing the swirl number
S for different swirl types.

Figure 6 shows the decrease in the mass flow rate through the noz-
zle for the same stagnation pressure, as the swirl number increases.
Note that under equal stagnation conditions, the relative mass flow
rate is directly reflected by Cm .

IV. Conclusions
This work presents a new method to analyze choked swirling

flows of a general tangential velocity distribution, introducing a
choking criterion similar to the one used in one-dimensional non-
swirling flows. One of the main outcomes of this work is the presen-
tation of a simplified analytical solution procedure that is shown to
yield very good approximations. The study reveals that, as a conse-
quence of the tangential velocity, the axial Mach number distribution
changes according to the swirl type and the mass flow rate through
the nozzle decreases with swirl number.
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